This paper is devoted to the study of a class of Kirchhoff type problems with critical exponent, concave nonlinearity, and sign-changing weight functions. By means of variational methods, the multiplicity of the positive solutions to this problem is obtained. MSC: 35J20; 35J60; 47J30; 58E50
Introduction and main results
This paper is concerned with the existence and multiplicity of positive solutions for the following problem:
where is a smooth bounded domain in R  with  < q <  and the parameters a, b, λ > .
The weight functions f (x), g(x) satisfy the following conditions: In the present paper, we deal with problem () and consider the existence and multiplicity of positive solutions of problem (). About the critical growth situation, the aforementioned papers only showed the existence of positive solutions of the Kirchhoff type problem. Moreover, involving the concave and convex nonlinearities, [] only considered the subcritical growth case. Therefore, our purpose is to extend the result of [] to critical growth. The main results of this paper extend the corresponding results in [] and [] .
Before stating our results, we give some notations and assumptions. Let This paper is organized as follows. In Section , we give the local Palais-Smale condition. The proof of Theorems  and  is provided in Section .
The local Palais-Smale condition
In this section, we show that the corresponding functional of problem () satisfies the (PS) c condition. Let u ± = max{±u, }, the corresponding functional of problem () is
It is well known that the critical points of the functional I in H   ( ) are weak solutions of problem (). By the definition of weak solution u of problem (), it means that u ∈ H   ( ) satisfies
From [], we know that S is attained when = R  by functions
Proof By the Hölder inequality and the Young inequality, it follows from () and (f  ) that
Lemma  Let a > , b > , and  < q < . 
Thus, by using also the fact that I (u n ), u n -u → , we get
from which it follows that u n → u in H   ( ). Since I is C  , we obtain I (u) = . In particular,
we have I (u), u = , which implies that
It follows from () that
Set η = 
where A is the positive constant given in Lemma .
Proof Let {u n } ⊂ H   ( ) be a (PS) c sequence of I with c < c * . By Lemma , we know that {u n } is bounded. Up to a subsequence, we may assume that
From Lemma , we have I (u) = . By (f  ) and the Dominated Convergence Theorem, we obtain f u
Let w n = u n -u; by the Brezis-Lieb lemma [], one has 
According to I (u n ) = o() and I (u), u = , we get
Assume that w n → l, it follows from () that
From (), we have
As n → ∞, we deduce that
It follows from (), (), and Lemma  that
which contradicts the fact that c < c * . Therefore, we have l = , which implies that u n → u in H   ( ). Hence I satisfies the (PS) c condition with c < c * .
The proof of the main results
In this section, we show the proofs of our Theorems  and . Before we come to the proof of Theorem , we first recall the following lemma in [] . Proof of Theorem  Using the hypotheses (f  ) and (g  ), it follows from () and () that
Lemma 
, we can find ρ >  and  >  such that for all λ ∈ (,  )
where
Therefore, one has
Fix λ ∈ (,  ); noticing that  < q < , it implies from () that there exists
Thus we deduce that
I(u).
By applying the Ekeland's variational principle in B ρ () [], we obtain the result that there exists a (PS) c λ sequence {u n } ⊂ B ρ () of I. By the expression of c * , we can choose  < <  such that c * >  for all λ ∈ (, ). It follows from c λ <  and Lemma  that I satisfies the (PS) c λ condition. Therefore, one has a subsequence still denoted by {u n } and
which implies that u λ is a solution of problem (). After a direct calculation, we derive u Proof For convenience, we consider the functional J :
According to (g  ) and (g  ), we can choose such a cut-off function φ( 
According to (g  ) and (g  ), similar to the calculation of [], we have the following estimate (as ε → )
we have lim t→+∞ h(t) = -∞. Note that h() =  and h(t) >  for
Therefore, we deduce from () that
By the expression of c * , we can choose  >  such that c * >  for all λ ∈ (,  ). Using the definitions of I and u ε , from (f  ) and (g  ), we have
for all t ≥  and λ > . It follows that there exist T ∈ (, ) and ε  >  such that
for all  < λ <  and  < ε < ε  . Moreover, using the definitions of I and u ε , it follows from (f  ) and () that 
